Let I be an ideal in a polynomial ring S over an infinite field such that I is generated by a generic sequence of homogeneous polynomials of specified degrees. Fröberg has conjectured a formula for the Hilbert series of S/I. Moreno-Socías has conjectured a combinatorial property for the initial ideal of I with respect to degree reverse lexicographic order. I show that Moreno-Socías' Conjecture implies Fröberg's Conjecture. I also give a criterion for a Hilbert series to admit an ideal with the property proposed by MorenoSocías and show that the Hilbert series proposed by Fröberg does have this property.
Introduction
Let S = k[x 1 , . . . , I use "at random" in a sense that is more evocative than rigorous. More precisely, this paper is concerned with generic properties of such sequences. To make sense of this, view r i=1 S d i , the set of all such sequences of the specified degrees, as an affine space for which the coordinates are the coefficients of the polynomials in the sequence. Say that a property P of such sequences is generic if it holds on a nonempty Zariski-open U ⊆ r i=1 S d i . Loosely, such a property holds "most of the time". The property ought to hold for a randomly chosen sequence. I will often say that a generic property holds "for a generic sequence". But, the precise meaning is that the property holds on a nonempty Zariski-open set, as above.
Fröberg gave a famous conjecture for the Hilbert function of an ideal generated by a generic sequence, Conjecture A in Section 3. Moreno-Socías gave a conjecture describing the initial ideal of such an ideal with respect to degree reverse lexicographic order, Conjecture D in Section 4. The main result of this paper is that Conjecture D implies Conjecture A, and that Conjecture A is equivalent to Conjecture E, a weak form of Conjecture D. I also formulate three more conjectures equivalent to Conjecture A to facilitate the proofs.
More specifically, the contents of the paper are as follows. In Section 2 I give some basic definitions and sketch a proof that there is some generically occurring Hilbert function and initial ideal. In Section 3 I introduce Fröberg's Conjecture and the notion of a semi-regular sequence. In Section 4, I discuss different versions of Moreno-Socías' Conjecture. In Section 5, I prove the main theorem of this paper, giving implications between the various conjectures. In the final section, I further explore the combinatorics of weakly reverse lexicographic ideals.
I am grateful to Karen Chandler, Tony Iarrobino, David Lieberman and David Wagner for helpful conversations related to this paper. David Wagner accumulated substantial computational evidence for Corollary 6 long before I discovered a proof. Tony Iarrobino caught an embarrassing error in an early version of this paper. I am also grateful to the referee for his or her helpful comments, which led me to clarify some issues with the notion of genericity.
Considerable time has elapsed since I submitted this paper, a situation for which I am responsible, and a great deal has been written on the subject since. To prevent further delays, I have not attempted to bring this paper up-to-date with the current literature, but have expanded the bibliography to include some more recent relevant papers, notably [1, 4, 5, 7, 16, [18] [19] [20] [21] [22] . Most importantly, [4] and [21] include several results from this paper, independently discovered by Cho and Park.
Some of these papers cite "Generic Polynomials". That paper was an early draft of the present paper that did not include all of the results in the submitted version of this paper.
Hilbert functions, initial ideals and genericity
In this section, I give some basic definitions and then sketch a proof that Hilbert functions and initial ideals are constant in a nonempty open set in
In this paper, k always represents an infinite field and S = k[x 1 , . . . , x n ]. We will view S as a graded k-algebra in the standard way, with all variables having degree 1. 
Degree reverse lexicographic order on the monomials of S is defined by
or deg x μ = deg x ν and the last nonzero entry of μ − ν is negative. This is the only monomial order that I use in this paper.
If f is the sum of αx μ , where α ∈ k * , and a k-linear combination of monomials x ν < x μ , then
x μ = in f , the initial term of f . If I is an ideal, then in(I) is the ideal generated by the initial terms of elements of I . It is not hard to see that for a homogeneous ideal I , the Hilbert functions of S/I and S/ in(I) are the same. Let I be generated by an element of 
I will show that this conjecture is equivalent to several other conjectures. The most transparent conjecture equivalent to these is phrased in terms of semi-regular sequences. 
. , f i−1 ).
Notice that regular sequences are semi-regular. In fact, regular and semi-regular elements can be characterized by Hilbert series. 
Proof. If r = 1, then the dimension of (A/ f 1 ) e is at least max{dim A e − A e−d 1 , 0}, with equality if and only if the multiplication by f 1 map A e−d 1 → A e has maximal rank. Also, should the dimension of (A/ f 1 ) e be 0 for some e, then the dimension of (A/ f 1 ) e+1 is 0 as well. This proves the first statement in the case r = 1. That this statement holds in general now follows from the easy observation that if
The idea of a semi-regular sequence, although not the name, appears in Valla's discussion of Fröberg's Conjecture in [24] . A proof of one direction of Proposition 1 is also in that paper.
A corollary of this proposition is the well-known fact that permutations of homogeneous regular sequences are also regular. This does not hold for semi-regular sequences. For example, x Notice that this proposition implies that Conjecture A is equivalent to the following natural conjecture. at i = d + 1 [12] . Their work was extended to certain other values by Aubry [3] . Fröberg and Hollman have also established several cases through computer experimentation [11] . See [14] for a discussion of similar conjectures concerning powers of generic linear forms and of the Weak Fröberg Conjecture. One other conjecture in the spirit of this section which is equivalent to those so far is the following. Note that in this conjecture, and some later conjectures, the number of polynomials and the number of variables is the same. A reverse lexicographic ideal is an ideal J generated by monomials such that if x μ ∈ J then every monomial of the same degree which preceeds x μ must be in J as well. A weakly reverse lexicographic ideal is an ideal J generated by monomials such that if x μ ∈ J is one of the minimal generators of J then every monomial of the same degree which preceeds x μ must be in J as well.
Conjecture B. If k is an infinite field and S
= k[x 1 , . . . ,
Conjecture C. If k is an infinite field and S
Deery studied reverse lexicographic ideals in his master's thesis [6] . In his thesis, he calls weakly reverse lexicographic ideals "almost reverse lexicographic ideals".
I have stated the Moreno-Socías Conjecture only in the case in which r = n, which is the only case treated in this paper, but this special case implies the cases in which the number of polynomials r and the number of variables n may be different. To see this for n < r, note that the computation of a reverse lexicographic initial ideal commutes with forming the quotient ring by the last variable, and the image of a weakly reverse lexicographic ideal in that quotient ring is also weakly reverse lexicographic. (See Proposition 15.12 in [8] .) So, if Conjecture D holds for r polynomials in n variables, then it also holds for r polynomials in n − 1 variables. This shows that Conjecture D as stated implies Conjecture D with n variables and r n polynomials.
On the other hand, if r < n, then for a generic sequence f 1 , . . . , f r we have that f 1 , . . . , f r , x n , . . . , In the case of the same number of variables as polynomials, we know that we have a regular sequence generically, so that we know the generic Hilbert function. For a given Hilbert function there is at most one weakly reverse lexicographic ideal, so Conjecture D allows us to write down generators for the predicted initial ideal. Whether or not there actually is a weakly reverse lexicographic ideal with the desired Hilbert function is a problem that I address in the last section of this paper.
I will show that Moreno-Socías' Conjecture implies the other conjectures in this paper, but it is not clear that the converse is true. The other conjectures in this paper are equivalent to a weak form of Moreno-Socías' Conjecture. The last equivalent conjecture in this paper is the following. To see that Conjecture F implies Conjecture E, let J be an ideal generated by monomials such that x n , . . . , x 1 is a semi-regular sequence on S/ J . Let x μ be a generator of J of degree d which is divisible by a variable x m . Without loss of generality, we may assume that there is no lower degree generator of J divisible by x m , and thus no monomial at all in J of lower degree and divisible by x m . Furthermore, we may assume without loss of generality that x μ is not divisible by any
Conjecture E. If k is an infinite field and S
/ ∈ J (otherwise x μ would not be a minimal generator), but x μ ∈ J , this multiplication map is not injective. But, x m is semi-regular on S/ ( J + (x n , . . . , x m+1 ) ), so the map must be surjective. Thus, every monomial of degree d that is not divisible by x m must be in J + (x n , . . . , x m+1 ). Thus, every monomial of degree d in the variables x 1 , . . . , x m−1 must be in J , so that J satisfies Conjecture E.
To see that Conjecture E implies Conjecture F, let J be an ideal satisfying the conclusion of (x n , . . . , x m+1 ) ). Let (x n , . . . , x m+1 ). We may assume that f is a monomial. If f is divisible by any x j , with j > m, then f ∈ J + (x n , . . . , x m+1 ). Otherwise, x m f is divisible by a minimal generator x ν of J . Since x ν has degree less than d, it is not divisible by x m . So, f is divisible by x ν and f ∈ J . This proves injectivity. Now, say that i d. Then every monomial of degree i in the variables x 1 , . . . , x m−1 is in J . Thus, every monomial in the monomial basis of (S/ ( J + (x n , . . . , x m+1 ) )) i is divisible by x m . So, the map is surjective. Therefore, J satisfies the conclusion of Conjecture F.
We now have that Conjectures A, B, C, E and F are equivalent. To see that Conjecture D implies Conjecture E, and thus all of the others, note that a weakly reverse lexicographic ideal satisfies the condition of Conjecture E. 2 I have stated and proven Theorem 2 with each conjecture taken in its entirety. The same arguments show that Conjecture E for a fixed number r of polynomials and variables is equivalent to Conjecture A for the same fixed number r of polynomials, but any number n r of variables.
Weakly reverse lexicographic ideals
One might guess that Conjecture D is too weak. One might expect instead that the initial ideal of a generic sequence of homogeneous polynomials should actually be a reverse lexicographic ideal. But, this is rarely true, thanks to Deery's characterization of which Hilbert series admit reverse lexicographic ideals. In this theorem, is the coefficient-wise partial order on Z[[t]].
Theorem 3. (See Deery [6].) Let H(t) = h(i)t i ∈ Z[[t]] be a series with non-negative coefficients. Then H(t) is the Hilbert series of S/I for a reverse lexicographic ideal I if and only if
(1)
H(t) and
(2) if the first degree in which 1
(1−t) n differs from H(t) is d, then h(i + 1) h(i) for all i d.
For example, if I is generated by six generic quadratics in six variables, then the Hilbert series of S/I is 1 + 6t + 15t 2 + 20t 3 + 15t 4 + 6t 5 + t 6 . This Hilbert series does not satisfy the criterion of Deery's Theorem: the first degree in which it differs from (1 − t) −6 = 1 + 6t + 21t 2 + · · · is in degree 2, but the coefficients are not weakly decreasing thereafter. Thus, there is no reverse lexicographic ideal with this Hilbert series. In particular, the initial ideal of I is not reverse lexicographic. What criterion is there for a Hilbert series to admit a weakly reverse lexicographic ideal, or even just an ideal modulo which x n , . . . , x 1 is a semi-regular sequence? If one can produce a Hilbert series of a regular sequence which does not admit an ideal such that x n , . . . , x 1 is a semi-regular sequence, then all of the conjectures in this paper are false. The following theorem gives the desired criterion.
Theorem 4. Let H(t) = ∞ i=0 h(i)t i be a series with non-negative coefficients such that h(
0) = 1. Let S = k[x 1 , .
. . , x n ] where k is a field and n h(1). Then the following are equivalent: (1) There is a weakly reverse lexicographic ideal J such that S/ J has Hilbert series H(t).
(2) There is an ideal J such that S/ J has Hilbert series H(t) and x n , . . . , x 1 is a semi-regular sequence on S/ J .
If h r (i) h r (i − 1) then h r (i + 1) h r (i).
Proof.
(1) → (2): In the proof of Theorem 2, the argument that Conjecture F implies Conjecture E shows that x n , . . . , x 1 is a semi-regular sequence modulo a weakly reverse lexicographic ideal.
(2) → (3): First, I will prove that (3) is true for r < 0. Since H(t) is a Hilbert series, should some coefficient be zero then all later coefficients are zero as well. Thus, if H(t) is not a finite sum, then the coefficients of (1 − t) r H(t) are positive and strictly increasing. If H(t) is a polynomial of degree D, then the coefficients of (1 − t) r H(t) are positive and, if r < −1, they are strictly increasing, while if r = −1, the coefficients are strictly increasing up to i = D and constant thereafter.
(3) is also true for r h(1) irrespective of (2). In
r H(t)| = 1 for r n. Now, if 0 r n − 1, let J be an ideal as in (2) . Then x n , . . . , x n−r+1 is a semi-regular sequence on S/ J , so that the Hilbert series of S/ ( J + (x n , . . . , x n−r+1 ) ) is | (1 − t) r H(t)|. Say that h r (i) h r (i − 1). Then, since x n−r is semi-regular on S/ ( J + (x n , . . . , x n−r+1 ) ), the multiplication by x n−r map
is surjective. But, this forces the next multiplication by x n−r map
to be surjective as well, giving the inequality h r (i + 1) h r (i). 
G(t). If G(t) = (1 − t)H(t)
, then I is the desired ideal. Otherwise,
i , a series with positive, bounded, weakly increasing coefficients.
I will show how to add monomials to I so as to close the gap between the Hilbert series of S/I and H(t), while preserving the weakly reverse lexicographic property. To do this, I will use a formula of Eliahou and Kervaire for the Hilbert series of a "stable" ideal [9] . I do not require the definition of a stable ideal, except that stable ideals are monomial ideals and weakly reverse lexicographic ideals are stable.
For a monomial x μ , write deg μ for the degree of x μ , and max μ for the highest index of a variable dividing x μ . If K ⊆ S is a stable ideal and Gen(K ) is its minimal set of monomial generators, then
In particular, if K is a weakly reverse lexicographic ideal and we add another monomial x ν / ∈ K which does not divide any of the monomials of Gen(K ), and K + x ν S is also weakly reverse lexicographic, Since the I (s) form an ascending chain of ideals in a polynomial ring, the chain must stabilize. But, we can extend the chain if the Hilbert series of S/I (s) is not equal to H(t), so it must stabilize at a weakly reverse lexicographic ideal J such that S/ J has Hilbert series H(t). 2
The question still remains if there is a Hilbert series of a regular sequence which fails to satisfy condition (3) of Theorem 4. The next theorem shows that there is not. Thus, counterexamples to the conjectures in this paper are not apparent. If n > 0, let
and let c r = max{c: h r (i) > 0 for 0 i c}. By induction on n, the theorem is true for all h r . Let 
. , x n+1 ).
Then J is a weakly reverse lexicographic ideal in S.
Since J is weakly reverse lexicographic, x r , . . . , x n+1 is a semi-regular sequence on S / J . So, the 
